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Abstract
In this paper, we propose a method to discriminate two extremely similar quantum states via a
weak measurement. For the two states with equal prior probabilities, the optimum discrimination
probability given by Ivanovic-Dieks-Peres limit can be achieved by our protocol with an appropriate
choice of the interaction strength. However, compared with the conventional method for state
discrimination, our approach shows the advantage of error-tolerance by achieving a better ratio of
the success probability to the probability of error.
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Since 1980’s, the quantum state discrimination problem has been a subject of active
investigation [1–7]. As a given quantum system can be prepared in one of two nonorthogonal
states, from the observed statistical properties we can not determine the state of the system
with certainty. However, we may be able to use some prior information to determine, at
least to some extent, the state. Optimal measurements have been found to identify the
state with minimal error [8–18], to discriminate the states unambiguously [19–30], and to
determine the state with the maximum level of confidence [31–34].
For an unambiguous discrimination, any physically realizable measurement can be de-
scribed by a probability operator measure, which is known as a positive operator-valued
measure (POVM). Suppose the system is prepared in one of the two pure states |ψ1〉 and
|ψ2〉 with prior probabilities p1, p2. The set of POVM operators is denoted as {πˆ1, πˆ2, πˆ?}
where πˆ? = I − πˆ1 − πˆ2. The word “unambiguous” means that 〈ψ1|πˆ2|ψ1〉 = 〈ψ2|πˆ1|ψ2〉 = 0.
Thus, when outcome 1 that is associated with operator πˆ1 is obtained, we can say for sure
that the state of the system was |ψ1〉, when outcome 2 that is associated with operator πˆ2
occurs, we will know that the state was |ψ2〉 with certainty. For equal prior probabilities,
p1 = p2, Ivanovic–Dieks–Peres (IDP) limit gives the maximal success probability for the
unambiguous discrimination
pmax = 1− |〈ψ1|ψ2〉|. (1)
In this paper, we use another approach, and perform state discrimination via a weak mea-
surement [35–40], which has been widely used in signal amplification [45–51]. In a typical
weak measurement, the initial state of a system is prepared in |ψin〉, after a weak coupling
with an apparatus, a postselection |ψf 〉 is performed on the system. Conditional on the
successful postselection, we could observe a large shift of the pointer (apparatus) position
or momentum, which is usually proportional to the weak value [41–47]. A weak measure-
ment could achieve a signal amplification and a better signal-to-noise ratio [48–50]. In the
following, we use the advantage of weak measurement in signal amplification and develop a
way of state discrimination with a much more robust error-tolerance. We shall discuss the
unambiguous discrimination of two extremely similar states via weak measurement.
Assume qubit A is prepared in one of the two pure states: ρA1 = |ψ1〉〈ψ1| and ρA2 =
2
|ψ2〉〈ψ2|, with
|ψ1〉 = 1√
2
|0〉x − 1√
2
|1〉x
|ψ2〉 =
η + 1√
2√
1 + 2|η|2 |0〉x +
η − 1√
2√
1 + 2|η|2 |1〉x,
(2)
where |0〉x and |1〉x are eigenstates of σˆx. It is very hard to discriminate |ψ1〉 from |ψ2〉 when
|〈ψ1|ψ2〉| is large, namely, when |η| is small, as |〈ψ1|ψ2〉| = 1√
1+2|η|2 . From Eq. (1), we know
the success probability of discriminating states |ψ1〉 and |ψ2〉 has the following upper bound
pmax = 1− 1√
1 + 2|η|2 . (3)
Now, we discuss how to distinguish the two states of qubit A via a weak measurement.
For this purpose, we introduce another qubit system B as the pointer system (measuring
device), and introduce an interaction Hamiltonian
Hˆint = g~σˆxA ⊗ σˆxBδ(t− t0), (4)
where g denotes the interaction strength g ∈ [0, π]. Suppose the initial state of qubit B is
|φ〉 = |0〉z, the overall initial state of both qubits is |ψi〉 |0〉z (i = 1, 2). After the coupling
between qubits A and B, the overall state is given as |Ψi〉 = exp[−igσˆxA ⊗ σˆxB]|ψi〉|φ〉,
(i = 1, 2). Next, we postselect qubit A onto |ψf〉 = 1√
2
|0〉x + 1√
2
|1〉x. If the postselection is
successful, the final state of qubit B is |φ′i〉 = 〈ψf |Ψi〉/|〈ψf |Ψi〉|, where
|φ′1〉 = |1〉z
|φ′2〉 =
√
2η∗cosg|0〉z − ising|1〉z√
2|η|2cos2g + sin2g .
(5)
We denote ρB1 = |φ′1〉〈φ′1| and ρB2 = |φ′2〉〈φ′2|.
As the discrimination of |φ′〉1 and |φ′〉2 would attain the original goal of discriminating
|ψ1〉 and |ψ2〉, the spirit of our protocol is to replace the discrimination of states |ψ1〉 and
|ψ2〉 of qubit A by discriminating the states |φ′〉1 and |φ′〉2 of qubit B. From Eq. (5), it is
easy to see that the fidelity of |φ′1〉 and |φ′2〉 is less than the fidelity of |ψ1〉 and |ψ2〉 when g
is small. Thus the distinguishability can be improved in our protocol.
We define ρ′1 and ρ
′
2 as the density matrices of qubit A after the coupling, corresponding
to the two initial states |ψ1〉 and |ψ2〉. Then the prior probabilities λ1 and λ2 of |φ′1〉 and
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|φ′2〉 are determined by the probabilities for a successful postselection |ψf〉, i.e.,
λ1 = 〈ψf |ρ′1|ψf 〉 =
2|η|2cos2g + sin2g
1 + 2|η|2
λ2 = 〈ψf |ρ′2|ψf 〉 = sin2g.
(6)
We are going to consider the case with equal prior probabilities λ1 ≈ λ2, or λi ≫ |λ1 − λ2|
(i = 1, 2), which is equivalent to the condition
g ≈ π
4
or |η| ≪ g. (7)
The average success probability for postselection is 1
2
(λ1+λ2), therefore the maximal achiev-
able probability of discrimination via our strategy is
p =
1
2
(λ1 + λ2)(1− |〈φ′1|φ′2〉|)
=
|η|2 + sin2g
1 + 2|η|2 (1−
|sin g|√
2|η|2cos2g + sin2g ).
(8)
In the following, we shall show that the upper bound pmax in (1) can be reached approxi-
mately via our strategy with weak measurement when g and |η| satisfy a certain condition.
To ensure λ1 ≈ λ2, either g ≈ π4 or |η| ≪ g must be satisfied, both cases are discussed
separately as follows. When g ≈ π
4
, we have p = 1
2
(1− 1√
2|η|2+1) =
1
2
pmax, which means the
maximum cannot be reached, so this case will not be considered any more. When |η| ≪ g,
then we obtain λ1 ≈ λ2 = sin2g. Then from Eq.(8), the overall probability of our protocol
is given as
p = |η|2cos2g . (9)
The upper bound for the discrimination probability is pmax = |η|2 when |ψ1〉 and |ψ2〉
are extremely similar (|η| ≪ g), when the interaction strength g is small, but g ≫ |η|,
the success probability of discrimination via our protocol reaches the optimal probability
p → pmax. Generally speaking, for the discrimination of two extremely similar states, with
an appropriate choice of the interaction strength, i.e, |η| ≪ g ≪ 1, our protocol achieves
the optimal discrimination probability. In the following, we shall show the advantage of our
protocol in presence of imperfections for operations.
Let us rephrase the derivation above with density matrix. The two possible initial states
of qubits A are ρA1 =
1
2
(I +
−→
kA1 · σˆ) and ρA2 = 12(I +
−→
kA2 · σˆ), the state of qubit B is
ρB =
1
2
(I +
−→
kB · σˆ), the interaction evolution is U = exp[−ig(−→n · σˆA) ⊗ (−→n · σˆB)], and the
4
postselection for qubit A is ΠfA =
1
2
(I +
−→
fA · σˆ), where −→kA1 , −→kA2, −→kB, −→fA and −→n are all unit
vectors. After the postselection, two possible final states of qubit B are given as
ρB1 =
1
2
(I +
−→
kB1 · σˆ) =TrA(ΠfAUρA1 ⊗ ρBU
†)
Tr(ΠfAρA)
ρB2 =
1
2
(I +
−→
kB2 · σˆ) =TrA(ΠfAUρA2 ⊗ ρBU
†)
Tr(ΠfAρA)
.
(10)
The vectors
−→
kB1 and
−→
kB2 can be expressed in terms of
−→
kB ,
−→n and −→n ×−→kB:
−→
kBi =c1
−→
kB + c2
−→n + c3(−→n ×−→kB), (i = 1, 2)with
c1 =
α1 − α3
α1 + α2(
−→n · −→kB) + α3
c2 =
α2 + α3(
−→n · −→kB)
α1 + α2(
−→n · −→kB) + α3
c3 =
α4
α1 + α2(
−→n · −→kB) + α3
,
(11)
where the four coefficients α1, α2, α3 and α4 determined by the operations on system A
are given as α1 = cos
2g(1 +
−→
fA · −→kAi), α2 = 2singcosg−→fA · (−→n × −→kAi), α3 = sin2g[1 + (−→n ·
−→
kAi)(
−→
fA · −→n )−−→fA · (−→n ×−→kAi×−→n )] and α4 = 2(−→n · −→kAi +−→fA · −→n )singcosg. Eq.(11) expresses
the same relations as Eq.(5) in terms of vectors on the Bloch sphere. As our calculation
becomes vector synthesis in the three-dimensional space, naturally, the imperfections for the
operations can be considered as some deviations for these unit vectors
−→
kB,
−→
fA and
−→n .
However, we shall have one direction which is well-defined and concern with relative
deviations for the vectors along the other directions, namely, we will not consider a globle
deviation for
−→
kB,
−→
fA and
−→n . Thus, coordinate −→Z are considered well-defined, the initial
apparatus states of qubit B is described as
−→
kB =
−→
Z , the Bloch vector of the postselection on
qubit A is
−→
fA =
−→
Z . Compared with the one-party operation, a two-party operation could be
more imperfect. So the error for the final states of qubit B is originated from the imperfect
interaction evolution, which can be described as a deviation
−→
δn for this two-party operation
vector −→n i.e., −→n =
√
1− |−→δn|2−→X +−→δn withX · −→δn = 0. Without loss of generality, we define
coordinate
−→
Y as the direction of the difference between the two vectors
−→
kA1 and
−→
kA2. Thus
we can write
−→
kA1 = −−→Z and −→kA2 = −(
√
1− ǫ2)−→Z + ǫ−→Y , with 1 ≫ ǫ ≥ 0. Assume|−→δn | is
of the same order of the magnitude of ǫ. With the appropriate choice of the interaction
strength 1 ≫ g ≫ ǫ, we simplify Eq.(11) by keeping only the terms to the first order of ǫ,
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|−→δn| and the second order of g:
−→
kB1 = −−→Z +O(|−→δn|2)
−→
kB2 = −
√
1− (2ǫ
g
)2
−→
Z +
2ǫ
g
−→
X +O(|−→δn|2).
(12)
Due to the weak interaction strength (g ≪ 1), the fidelity of the two states ρB1 = 12(I+
−→
kB1·σˆ)
and ρB2 =
1
2
(I +
−→
kB2 · σˆ) is much smaller than that of the original pair ρA1 = 12(I +
−→
kA1 · σˆ)
and ρA2 =
1
2
(I +
−→
kA2 · σˆ), namely, |−→kB1 − −→kB2| ≫ |−→kA1 − −→kA2|. Thus, the difference between
the two original states is amplified. From Eq.(12), deviation
−→
δn for the two-party operation
vector is not amplified up to the second order O(|−→δn|2). Our tolerance of the error −→δn is
robust and we will ignore the imperfection
−→
δn of the two-party operation in the following.
After the weak measurement, the two states ρB1 =
1
2
(I +
−→
kB1 · σˆ) and ρB2 = 12(I +
−→
kB2 · σˆ)
are to be discriminated with a set of POVM operators, we will compare our protocol with
the conventional method for state discrimination.
For an unambiguous discrimination of two pure states, the set of POVM operators is
denoted as {πˆ1, πˆ2, πˆ?} where πˆ? = I − πˆ1 − πˆ2. We describe the imperfections of one-
party operations {πˆ1, πˆ2, πˆ?} as the deviations of their Bloch vectors. Following the spirit of
the unambiguous discrimination, the Bloch vectors of πˆ1 and πˆ2 are opposite to the Bloch
vectors of the two states respectively. For a conventional method, the two states which shall
be discriminated with a set of POVM operators {πˆA1, πˆA2, πˆA?} are ρA1 and ρA2, while in
our protocol with a weak measurement, the two states which shall be discriminated with
another set of POVM operators {πˆB1, πˆB2, πˆB?} are ρB1 and ρB2, and the four Bloch sphere
vectors of ρA1, ρA2 and ρB1, ρB2 are
−→
kA1 = −−→Z , −→kA2 = −(
√
1− ǫ2)−→Z + ǫ−→Y and −→kB1 = −−→Z ,
−→
kB2 = −
√
1− (2ǫ
g
)2
−→
Z + 2ǫ
g
−→
X . Because the Bloch vectors along
−→
Z are considered well-defined,
we ignore the deviations for the Bloch sphere vectors of πˆA2 and πˆB2 which are supposed
to be along
−→
Z , and only consider the imperfections of πˆA1 and πˆB1. Due to
2ǫ
g
≪ 1, the
Bloch vectors of these two POVM elements πˆA1 and πˆB1 are also nearly along
−→
Z , hence, we
describe the deviation for each of the two Bloch vectors as
−→
δf , a tiny deviation in the plane
of X −Y (−→δf · −→Z = 0). Assume |−→δf | are also of the same order of the magnitude of ǫ. Then
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the set of POVM elements for the conventional method is
πˆA1 =
1
4− ǫ2
4
[I + (
√
1− (ǫ+−→δf · −→Y )2 − (−→δf · −→X )2−→Z − ǫ−→Y +−→δf ) · σˆ]
πˆA2 =
1
4− ǫ2
4
(I +
−→
Z · σˆ)
πˆA? =I − πˆ1 − πˆ2.
(13)
Similarly, the set of POVM elements for our protocol is
πˆB1 =
1
4− ǫ2
g2
[I + (
√
1− [2ǫ
g
+ (
−→
δf · −→X )]2 − (−→δf · −→Y )2−→Z − 2ǫ
g
−→
X +
−→
δf ) · σˆ]
πˆB2 =
1
4− ǫ2
g2
(I +
−→
Z · σˆ)
πˆB? =I − πˆ1 − πˆ2.
(14)
Due to these imperfections of the operations, the discrimination can not be unambiguous
any more, but probabilistic. For both of the protocols above, we define a ratio of the success
probability to the probability of error as β. For the conventional method,
βA =
Tr(ρA1πˆA1) + Tr(ρA2πˆA2)
Tr(ρA1πˆA2) + Tr(ρA2πˆA1)
= 1 +
ǫ2 − ǫ(−→δf · −→Y )
1
2
|−→δf |2
.
(15)
For our protocol, the ratio is
βB =
Tr(ρB1πˆB1) + Tr(ρB2πˆB2)
Tr(ρB1πˆB2) + Tr(ρB2πˆB1)
= 1 +
(2
g
ǫ)2 − (2
g
ǫ)(
−→
δf · −→X )
1
2
|−→δf |2
.
(16)
Now we compare βA with βB. Obviously, from Eq.(15) and Eq.(16), we have βA, βB ≥ 12 .
Since
−→
δf is a random vector in the plane of X − Y , we can gain average values of the ratio
βA and the ratio βB
〈βA〉 = 1 + 2ǫ
2
|−→δf |2
〈βB〉 = 1 + (2
g
)2 · 2ǫ
2
|−→δf |2
.
(17)
From Eq.(17), we easily see that our protocol with a weak measurement can achieve a much
better ratio of the success probability to the probability of error 〈βB〉 ≫ 〈βA〉. Due to the
7
weak interaction strength (g ≪ 1), we can have 〈βB〉 ≫ 1, namely, our success probability is
much more greater than our probability of error. Therefore, our discrimination can be still
considered unambiguous.
Conclusion: We propose a protocol via a weak measurement to discriminate two extremely
similar states. Our protocol amplifies the difference of the original two states, and achieves
a much better error-tolerance (i.e., the ratio of the success probability to the probability of
error), compared with the conventional method.
Although our protocol relies on a successful postselection which may constrain the overall
successful probability of discrimination, we prove that, based on an appropriate choice of the
interaction strength g (i.e., 1 ≫ g ≫ |η|), the optimal discrimination probability predicted
by Ivanovic–Dieks–Peres (IDP) limit can be reached. In the presence of imperfections in the
interaction and POVM, we find that our ratio of the success probability to the probability
of error is much larger than the ratio of a conventional method.
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